Decoherence of the Schrödinger-cat states in two-mode cavities are discussed. The cat states are assumed to be produced by the measurement of the energy of a three-level atom which have passed through the cavity. The evolution of the field density matrix is obtained from the Lindblad form of the dissipater at zero temperature. It is shown that the decoherence time of the two-mode cat states critically depends on the degree of entanglement. Implications for decoherence of entanglement in the macroscopic scales are discussed.
Introduction
The problem of decoherence is often discussed in the present literature for at least two reasons. Firstly, it is of a principal importance in view of well-known difficulties with the interpretation of quantum theory. Secondly, decoherence is rightly perceived as one of the most important obstacles in attempts to build a functional quantum computer. Several recent papers, both experimental and theoretical, have contributed to better understanding the dynamics of the decoherence processes. In particular, in the important paper by Davidovich and coworkers [1] , several schemes for monitoring decoherence in the cavity QED experiments were worked out. Predictions contained there were subsequently vindicated in experiments performed in Ecole Normal Superieure [2] . Other recent experiments with monitoring the decoherence include these of Arndt et al [3] as well as those by the NIST group [4] . Among the most important recent theoretical results on decoherence, one should mention the works by Ford, Lewis and O'Connell [5, 6] where exact solutions for quantum Brownian motion have been obtained and applied to the discussion of spreading and attenuation of wavepackets. The authors have also shown that, rather surprisingly, the decoherence can also happen at high temperatures without dissipation. Another important contribution has recently come from the physicists associated with Essen [7, 8] . In their papers, universal behaviour of the decoherence dynamics has been revealed in the case where the decoherence time is much smaller than the temporal scales which characterize the dynamics of the isolated system and isolated reservoir. Explicit and general formulae for the decoherence time have been obtained in that case.
In this paper, we study a system which very strongly resembles the classic schemes of [1, 2] in order to obtain an insight into the following quite fundamental question: given that the macroscopic bodies are characterized not only by a very large number of quanta present in the modes of either material or electromagnetic fields, but also, and even primarily, by a very large number of degrees of freedom, how does the decoherence time depend on the number of degrees of freedom? We would like to obtain predictions which could be relatively easily measurable. Hence our choice of the simple cavity QED system as our working example. Also, we will concentrate on the decoherence of just two-mode Schrödinger cat states in cavities, although the generalization to multi-mode systems appears to be rather straightforward.
Let us note here that a careful work on the basic properties of the two-mode Schrödinger cat states, including the discussion of entanglement and possible application in 'teleportation' has been recently published by Janszky et al [9] . The dynamics of decoherence, however, has not been discussed by these authors.
The main part of this manuscript contains section 2 where we discuss the model for obtaining the two-mode Schrödinger cat states, section 3 where the explicit formulae for the decoherence time are obtained, and section 4 where some interesting properties of the Q function are demonstrated. Section 5 contains final remarks.
The model
Let us consider the system consisting of two cavities made of a pair of perfect mirrors each, with main symmetry axes perpendicular to each other. The sizes of these cavities, and their resulting fundamental frequencies ω 1 and ω 2 may or may not be the same. Our thought experiment starts when a three-level atom enters the cavity. The Hamiltonian to describe the system in the rotating wave approximation reads
where σ ij = |i j | (i, j = 1, 2, 3) are the atomic operators, E i (i = 1, 2, 3) are the energies of the three atomic levels, a i and a † i (i = 1, 2) are the annihilation and creation operators for the two modes, and g i,i+1 and g i+1,i (i = 1, 2) are the coupling constants.
Thus, we have assumed that the atom is coupled with the field according to the scheme, so that mode '1' couples only the levels |1 and |2 while mode '2' couples only the levels |2 and |3 .
Because of the existence of two additional operator constants of motion:
and
the system is exactly solvable (please see [10] for the discussion of simple integrable models of quantum optics). However, the exact time evolution operator has an unmanageably complicated form. What is more, the conditions of producing the Schrödinger cat states, namely, the dispersive character of the atom-field interactions, lead in a natural way to the presence of small parameters in the system. More precisely, it will be assumed that for quantum-optical applications), we have obtained the following effective Hamiltonian of the system, which is very simple to employ
with
Let us now suppose that the system was initially prepared in the state of being the simple product of an atomic state and coherent states of both modes:
where |α refers to the first mode while |β to the second mode. The atomic state (1/ √ 2)(|1 + i|2| ) can be prepared when the atom being initially in its ground state interacts during the time t 1 with an external field having the Rabi frequency and t 1 = π/2.
Let t 0 be the time of flight of the atom through the cavity. When the atom leaves the cavity, the interaction-picture (with respect to H 0 ) wave vector, the dynamics of which has been effectively governed by H I , is equal to
where
If the atom is subject to additional interaction with an external π/2-pulse just after it has left the cavity, the states |1 and |2 will become coherently mixed. The subsequent measurement of the atomic energy in an ionization chamber (i.e. a projection of the state of the whole system on the atomic state |1 or |2 ) will produce the following type of the state of the field in cavities
where d is a normalization constant such that
and the phases χ, φ, ψ depend on the detunings, coupling constants and the time of flight of the atom through the cavity:
The state | f can be considered as a two-mode generalization of one-mode even and odd coherent states as well as of the Yurke-Stoler states, cf [14] .
Decoherence of the two-mode Schrödinger-cat states
In the above considerations we have implicitly assumed that the cavity losses are so small that the dissipation and decoherence are negligible during the interaction of the atom in the field. Now, we are to discuss precisely the time evolution of the field system under the presence of the losses. We assume the standard form of the dynamics of the density matrix of the system within the rotating wave approximation. Validity of the Markovian approximations (please see, e.g., [15, 16] ) is also assumed. The dynamics of the field density matrix is given by
Let us note here that the above form of L i is valid only in the thermodynamic equilibrium in the zero-temperature limit. We use it here because the relevant experiments with high-Q cavities are usually performed under the conditions of very low temperatures. For instance, the experimental set-up described in [2] has been cooled to the temperature 0.6 K.
From now on we work in the interaction picture with respect to the Liouville operator L 0 , i.e., ρ(t) = e L 0 t ρ I (t), where ρ I (t) is the interaction-picture density matrix. By direct calculation we convince ourselves that L 0 commutes with L 1 + L 2 , so that the equation of motion for ρ I reads simply
It is clear that we have assumed that each mode is coupled to its own reservoir, and the two reservoirs are independent. The initial condition is, naturally, ρ(0) = | f f |. Let (|α 1 α 2 |) t be the time-dependent operator, which was initially equal to |α 1 α 2 |. Let its evolution be governed by the dissipater L 1 . Then we have [15] 
Using the above result, we obtain the following solution for the interaction-picture density matrix,
It is the time-dependent factors I 2 and I 3 which are most important and interesting here as they contain information of how fast the density matrix becomes an incoherent statistical mixture. Explicitly, I 2 reads
while I 3 is obtained from I 2 by replacing φ with −φ and ψ with −ψ. Let us now consider two very characteristic special cases. Firstly, let ψ = 0. This means that our initial state is simply the direct product of a one-mode Schrödinger cat state and a coherent state |β . Then, regardless of how large the mean photon number |β| 2 might be, the decoherence time of such a state depends only on α, as can be clearly seen from equation (18):
The last equation has been derived for short times t, so that the 1 − e −γ t ≈ γ t. We have defined the decoherence time as the short-time decay rate of the off-diagonal terms of the density matrix. This definition makes sense because the states |α t e iφ |β t and |α t e −iφ |β t e iψ (with α t = α e −γ t/2 , etc) are approximately orthogonal for short times and large α or β, and approximately form a good basis. An operational definition of the decoherence time will be given below.
Let us note that the case φ = π corresponds to the trivial situation when | f is just a coherent state (and not a Schrödinger-cat state) also in the first mode.
On the other hand, let us consider the second extreme, obtained when the distance between two states of which | f is composed, is the largest. This means that φ = π/2, ψ = π . In that case the decoherence depends on both mean photon numbers in a simple way:
Thus, we can realize that the decoherence time reaches its minimum. Let us also compare the above results with a more general state given initially by a tensor product of the Schrödinger cat states in each mode, that is
where The corresponding time-dependent density matrix ρ tp (t) which evolves according to equation (11) contains 16 terms and writing down all of them is not necessary. For our purposes it is sufficient to characterize the typical expressions. In particular, ρ tp contains the following generic contributions:
This 'diagonal' term and the like form an incoherent mixture which remains after the fast decoherence process is finished.
(ii)
This term-and those similar to it-has a short-time decay rate proportional to cos(φ 1 )) . This term has a short-time decay rate proportional to
which is the second decoherence time of the system. Terms like the last one possess the short-time decay rate cos(ψ 1 )) ) .
If we insist that the process of decoherence is essentially finished when all the nondiagonal matrix elements of the density matrix become indistinguishable from zero, we must identify the decoherence time with the largest of the three times defined above. This is either τ dec1 or τ dec2 , depending on the mean photon number in each mode as well as on the phases φ 1 and φ 2 . In any case, the problem of decoherence in a system with the density matrix ρ tp is qualitatively similar to that of (8) with either φ = 0 or ψ = 0.
All the above calculations seem trivial, and the results are simple. And yet, we believe that they are quite profound. For all non-trivial two-mode Schrödinger-cat states, the decoherence time contains the mean photon numbers in the denominator. This can be easily generalized to the two-component, multi-mode Schrödinger cat states, with the 'desired' conclusion: basically, the decoherence time is inversely proportional to the number of degrees of freedom involved, although one has to take into account modulations due to relative phases contained in the initial states. Although the above results have been obtained for very particular systems, it seems to us that they are relevant in fairly general circumstances. If we now imagine a macroscopic system as comprising, let us say, the Avogadro number of degrees of freedom, the decoherence time of any Schrödinger cat states involving a considerable part of those degrees of freedom is effectively zero. On the other hand, if, say, only one molecule of a macroscopic body is at the same time 'here' and 'there' (this corresponds to our first example with ψ = 0), the decoherence time may be relatively long, but such a situation is rather difficult to observe.
The definition of the decoherence time as the decay time of non-diagonal elements of the density matrix, while very intuitive, does not give any method to measure that quantity. In order to relate the decoherence time for the entangled states to measurable quantities, we would like to propose a variant of an experiment described theoretically in [1] , and performed by the authors of [2] . The essence of the definition is that the decoherence time is related to the conditional probability that a second ('probe') atom sent through the crossed cavities will be registered in a particular state (ground or excited) provided that the first atom has been found in, say, the excited state. The two atoms are assumed to be identical, and the second atom is sent through the cavity with the time delay T after the first one. Like the first atom, it is prepared in the state (|1 + i|2 )/ √ 2. It then enters the region with two crossed high-Q cavities, and after leaving that region is again excited by the π/2 pulse. Finally, the energy of the second atom is measured in the ionization chamber. During the passage of the second atom through the region of crossed cavities, it interacts with the electromagnetic field which is initially in the state (13) with T substituted for t in formulae (14)- (17) .
Let ρ f be any state of the cavity fields. Using expressions (2), (3) and (5), we can convince ourselves that
where now
With the help of (23) and (24) as well as (13)- (17) we obtain the following expression for the probability of finding the second atom in the state |2 provided that the first atom has also been found in |2 : 
where I 2 (T ) and I 3 (T ) are obtained from equation (18) and its complex conjugate on substituting T for t.
The above expression for P 22 is somewhat complicated and very interesting especially due to the last term in R. We would like to analyse it within a more general framework in a separate publication. Here, let us consider only the most important special cases, namely (i) φ = π/2, ψ = 0, and (ii) φ = π/2, ψ = π . In the former case we obtain
From equations (27) and (28), it follows that the decoherence time can be read from the slope of the logarithm of relative frequency of finding the second atom in the excited stated when it is plotted versus the delay time T for small T.
The states of the cavity fields acquire phases under the action of our effective time evolution operator in a slightly different way than in [1] , so that the direct comparison with that work is not possible. Let us still observe that, for our χ = 0 and ψ 1 of [1] also equal to zero, our expression (27) becomes the same as equation (2.21) of [1] .
In the second case (φ = π/2, ψ = π), we obtain instead
with the same interpretation pertaining to the decoherence time.
Behaviour of Q function
Let us now investigate the properties of the Q function for the two-mode cat states from the point of view of decoherence. The Q function for two modes is defined as
Unlike many other important quasi-probability distribution functions, it enjoys the nonnegativity property. Using the above definition, one can obtain the explicit formula for the two-mode Q function, which involves three terms: where 
The most interesting terms in the above equations are those involving products of αz 1 and βz 2 as well as their complex conjugates. Let us consider the case φ = π/2, ψ = π . This corresponds to the case of the fastest decoherence in our system. Then we have
This means that the exponential terms in both Q 2 and Q 3 contain terms which give rise to fast oscillations in the z 1 and z 2 for large |α| and |β|. This effect is particularly well visible for z 1 = x 1 being real, and z 2 = iy 2 being purely imaginary. Then, for real α and β the phases in Q 2 and Q 3 behave like 2(α + β)x on the diagonal line x = x 1 = y 2 . On the other hand, for ψ = 0 there are no oscillations in the z 2 variable, and the closer ψ to zero (which means that the closer the initial two-mode state to the single-mode cat multiplied by the coherent state), the smaller the contribution of β becomes to the 'frequency' of oscillations. We believe this behaviour, illustrated in figure 1 , is quite remarkable. We have been informed about a very similar behaviour of the Wigner function in a related system [17] .
It is to be pointed out that the fast oscillations of the Q function can be observed directly from the expression for its initial value itself. Now, taking into account that the equation of motion for the Q function contains first and second derivatives over α, α , β and β (please cf [16] , equation (6.88)), we can infer that the fast oscillations of the Q function in the phase-space variables implies its fast change in time, at least for short times (which is the most interesting case here). What is more, we should be able to find the values of phases φ, ψ for which the fastest (and slowest) change of Q happens without actually solving the von Neumann equation for the density matrix. In other words, qualitative predictions of the decoherence process seem to be possible just by an analysis of the quasi-probability distribution functions for the initial states.
Final remarks
In this paper we have investigated the process of decoherence of a family of two-mode Schrödinger-cat states produced in a double cavity by a three-level atom interacting with the field modes in a configuration. The decoherence time has been obtained for various relations between relative phases in the cat states which appear as a result of the atom-field interaction in the double cavity. It has been found that in a generic case the decoherence time appears to be inversely proportional to the number of degrees of freedom in the system. If we could directly extrapolate the result obtained from our special system to macroscopic bodies, the above consideration would provide a simple explanation why it is so difficult to obtain really macroscopic cat states. In addition, we have obtained the time evolution of the Q function, which also depends on the above-mentioned phases. We have found that the conditions for very fast decoherence time correspond to the conditions for very fast oscillations of the Q distribution considered as a function of its phase-space arguments. Let us note that it will be very interesting to generalize the above consideration to the multi-mode cat states which are linear combinations of many (and not just two) terms.
